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1. Introduction
The notion of closure operator in topology was introduced in an arbitrary category and was very successfully used to
extend to an arbitrary category classical topological notions like, for instance, separation, connectedness and compactness.
The ﬁrst seeds of a general theory of closure operators were laid down by Eraldo Giuli in [6] and a formal deﬁnition in
an arbitrary category appeared in a joint paper by Dikranjan and Giuli [4]. Many other papers were published by the same
authors and by other researchers. We will refrain from including an extensive literature on this topic, however, the reader
willing to know more about the subject could consult the two available books [2,5].
Since in topology the notion of closure operator is basically equivalent to the notion of interior operator, one wonders
why the latter has been rather ignored from a categorical point of view. A notion of interior operator in an arbitrary
category was formally introduced by Vorster [7]. In the same paper it was proved that in categories satisfying some sort
of complementation condition obtained via what the author calls “a categorical transformation operator”, the notion of
interior operator was basically equivalent to the previously studied notion of closure operator, in the sense that there is
a bijective correspondence between all closure operators and all interior operators on the same category. This result may
give the impression that whatever one does with closure operators can be done with interior operators and vice versa and
so a study of these last ones may be unnecessary. However, later in the paper the author shows that the category Grp of
groups does not have a categorical transformation operator, which shows that there are categories in which the two notions
are not necessarily equivalent, making the study of interior operators look more worthwhile.
A ﬁrst attempt of using the new notion of interior operator introduced in [7] in a concrete category was made by
Castellini and Ramos in [3]. In that paper notions of connectedness and disconnectedness with respect to an interior opera-
tor were introduced and successfully studied in the category Top of topological spaces.
The aim of this paper is to make a further step in the study of interior operators in an arbitrary category. In particular,
the notions of idempotent, hereditary and weakly hereditary interior operators are studied and their behavior with respect
to taking suprema and inﬁma is analyzed. As a consequence, the notions of idempotent core and hereditary and weakly
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G. Castellini / Topology and its Applications 158 (2011) 2332–2339 2333hereditary hulls are deﬁned. We also prove that under idempotency, the weakly hereditary notion for an interior operator I
is equivalent to I-open subobjects being closed under composition.
The setup of this paper is an arbitrary category X with an (E, M)-factorization structure for sinks.
We use the terminology of [1] throughout the paper.
2. Preliminaries
Throughout we consider a category X and a ﬁxed class M of X -monomorphisms, which is closed under composition
and contains all X -isomorphisms. It is assumed that X is M-complete; i.e.,
pullbacks of M-morphisms exist and belong to M, and multiple pullbacks of (possibly large) families of M-morphisms
with common codomain exist and belong to M.
One of the consequences of the above assumptions is that there is a uniquely determined class E of sinks in X such that
X is an (E, M)-category for sinks. In particular, this implies the following features of M and E (cf. [2]):
Proposition 2.1.
(1) Every morphism that is in both M and E (as a singleton sink) is an isomorphism.
(2) M is closed under M-relative ﬁrst factors, i.e., if n ◦m ∈ M, and n ∈ M, then m ∈ M.
(3) M and E are closed under composition, in particular for E this means that if (Xi ei−→ Y )i∈I is a sink in E and the morphism Y f−→ Z
(seen as a singleton sink) belongs to E, then so does the sink (Xi
f ◦ei−−→ Z)i∈I .
(4) The M-subobjects of every X -object form a (possibly large) complete lattice; suprema are formed via (E, M)-factorizations and
inﬁma are formed via intersections.
If N n−→ Y is an M-subobject, then the pullback f −1(N) f −1(n)−−−−→ X of n along a morphism X f−→ Y will be called the
inverse image of n along f .
If n, m are two M-subobjects of X ∈ X such that n m, then the notation nm will be used for the unique morphism
satisfying m ◦ nm = n. We observe that nm m−1(n).
We recall that a subcategory A of X is called reﬂective in X if for every X -object X there is a morphism X rX−−→ r X
with r X ∈ A such that for any morphism X f−→ Y with Y ∈ A, there is a unique A-morphism r X g−→ Y such that g ◦ rX = f .
The dual concept is known as a coreﬂective subcategory.
3. Basic deﬁnitions and results
We start with the following deﬁnition that is basically the same as the one given by S.J.R. Vorster [7], the only difference
being our assumption of X being M-complete instead of ﬁnitely M-complete as in [7].
Deﬁnition 3.1. An interior operator I on X (with respect to M) is a family {i X }X∈X of functions on the M-subobject lattices
of X with the following properties that hold for each X ∈ X :
(a) [contractiveness] i X (m)m, for every M-subobject M m−→ X ;
(b) [order-preservation] m n ⇒ i X (m) i X (n) for every pair of M-subobjects of X ;
(c) [continuity] for every morphism X
f−→ Y and M-subobject N n−→ Y , f −1(iY (n)) i X ( f −1(n)), i.e., the inverse image of
the interior of n is less than or equal to the interior of the inverse image of n.
Condition (a) implies that for every interior operator I on X and for every M-subobject M m−→ X , there is a canonical
factorization
M
m
iX (M)
t
i X (m)
X
where i X (m) is called the I-interior of the subobject m.
When no confusion is likely we will write i(m) rather than i X (m) and for notational symmetry we will denote the
morphism t by i X (m).
The notion of interior operator deﬁned in Deﬁnition 3.1 was actually called categorical interior operator in [7]. We may
also use this terminology whenever convenient.
2334 G. Castellini / Topology and its Applications 158 (2011) 2332–2339As a motivating example, the usual interior operator in topology is an example of a categorical interior operator in the
category Top of topological spaces. Further examples will be included a little later in the paper.
Remark 3.2. Notice that unlike the closure operator case, it is not possible to rephrase condition (c) of the above deﬁnition
in terms of direct images as the following examples show. Consider in Top the function E f−→ E deﬁned by f (x) = x2,
where E denotes the real line with the Euclidean topology. For M = [−1,1] and K denoting the interior operator in-
duced by the topology, we have that f (k([−1,1])) = f ((−1,1)) = [0,1). However, k( f ([−1,1])) = k([0,1]) = (0,1). Hence,
f (k(M)) k( f (M)).
Now, consider the two-element indiscrete topological space X = {0,1} and the singleton topological space Y = {1}. Let
X
f−→ Y be the only possible function and let m be the inclusion of the subset M = {0} into X . We have that k( f (M)) = Y
but f (k(M)) = ∅, that is, k( f (M)) f (k(M)).
It may be worth observing that if f is injective, then one always has that k( f (M)) ⊆ f (k(M)).
Deﬁnition 3.3. Given an interior operator I , we say that an M-subobject M m−→ X is I-open (also called a ﬁxed point in [7])
if m  i(m), it is called I-isolated if i(M)  0X , where 0X denotes the bottom element in the lattice of M-subobjects of X .
As in [7], we call I idempotent provided that i(m) is I-open for every m ∈ M.
Remark 3.4. (a) Notice that Deﬁnition 3.1(c) implies that pullbacks of I-open M-subobjects are I-open.
(b) Let N n−→ X and M m−→ X be two M-subobjects such that nm. If n is I-open in X then n  i X (n) i X (m).
(c) The supremum of a family of I-open M-subobjects is I-open. First of all, for a family of M-subobjects (M j mj−−→
X) j∈ J , we have that mj 
∨
j∈ J m j for every j ∈ J . This, together with condition 3.1(b), implies that i(mj)  i(
∨
j∈ J m j)
for every j ∈ J and consequently ∨ j∈ J i(mj) i(
∨
j∈ J m j). Now, if each mj is I-open, then i(mj) mj for every j ∈ J and
so
∨
j∈ J m j 
∨
j∈ J i(mj) i(
∨
j∈ J m j). However, i(
∨
j∈ J m j)
∨
j∈ J m j is always true and consequently we conclude that∨
j∈ J m j  i(
∨
j∈ J m j), i.e.,
∨
j∈ J m j is I-open.
(d) The inﬁmum of a family of I-isolated M-subobjects is I-isolated. As a matter of fact, for a family of M-subobjects
(M j
mj−−→ X) j∈ J , we have that ∧ j∈ J m j  mj for every j ∈ J . This implies that i(
∧
j∈ J m j)  i(mj) = 0X for every j ∈ J .
Hence we conclude that i(
∧
j∈ J m j) = 0X .
(e) Notice that if d is a morphism that according to condition 3.1(b) satisﬁes i X (n) ◦ d = i X (m) then we have that the
diagram
M
t
m
N
n
iX (M)
i X (m)
i X (m)
d i X (N)
i X (n)
i X (n)
X
idX
X
commutes. As a matter of fact, n ◦ i X (n) ◦ d = i X (n) ◦ d = idX ◦ i X (m) = idX ◦m ◦ i X (m) = n ◦ t ◦ i X (m). Since n is a monomor-
phism, we conclude that i X (n) ◦ d = t ◦ i X (m).
(f) It is very important to observe that if M m−→ X and N n−→ X are two M-subobjects such that nm then we have that
i X (n)m◦ iM(nm). In fact, i X (m)∧m◦ iM(nm)  i X (m)∧m◦ iM(m−1(n)) i X (m)∧m◦m−1(i X (n))  i X (m)∧m∧ i X (n)  i X (n)
(in object notation, i X (N) iM(N) ∧ i X (M)). In particular, i X (n)m ◦ iM(nm) (in object notation i X (N) iM(N)).
After a careful analysis of the properties of the interior operator induced by the topology in Top and also as a conse-
quence of Remark 3.4(f) we give the following deﬁnition.
Deﬁnition 3.5.
(a) An interior operator I is called hereditary if for every pair of M-subobjects n, m of X ∈ X with n m one has that
i X (n) m ◦ iM(nm) ∧ i X (m) (in object notation i X (N)  iM(N) ∧ i X (M)).
(b) An interior operator I is called weakly hereditary if for every pair of M-subobjects n, m of X ∈ X with n m and m
I-open, one has that i X (n) m ◦ iM(nm) (in object notation i X (N)  iM(N)).
Clearly, heredity implies weakly heredity since if m is I-open then i X (m) m and consequently for I hereditary, i X (n) 
m ◦ iM(nm) ∧ i X (m) m ◦ iM(nm) ∧m m ◦ iM(nm).
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“hereditary” and “weakly hereditary” has been already used in that context. It is not by accident that the same terminology
is used here, as the following consideration shows.
Consider an operator ω deﬁned on the class M and satisfying the following properties:
(a) For any morphism m ∈ M, the morphisms m and ω(m) have the same codomain.
(b) For any two morphisms m,n ∈ M, if nm then ω(n)ω(m).
Let us say that ω is hereditary if for any two morphisms m,n ∈ M with nm, then m ∧ ω(n)  ω(m) ∧m ◦ ω(m−1(n)).
Moreover, ω is said to be weakly hereditary if for any two morphisms m,n ∈ M with n m, and m is a ﬁxed point of ω
(i.e., m  ω(m)), then ω(n) m ◦ ω(m−1(n)).
Clearly, when ω is a closure operator, we have that m ◦ ω(m−1(n)) m  ω(m) and so the above hereditary condition
becomes the familiar ones that deﬁnes a hereditary closure operator, that is, m ∧ ω(n) m ◦ ω(m−1(n)). At the same time,
the above weakly hereditary condition deﬁnes a weakly hereditary closure operator for idempotent operators. On the other
hand, if ω is an interior operator, then the notions of hereditary and weakly hereditary operator deﬁned in this remark
become: ω(n)  ω(m) ∧m ◦ ω(m−1(n)) and ω(n) m ◦ ω(m−1(n)), respectively. These are exactly the formulas used in this
paper to deﬁne hereditary and weakly hereditary interior operators.
We recall the following result from [7] since it will be used for some of the examples.
Proposition 3.7. Let N be a subclass of M that is closed under the formation of suprema and pullbacks. Then, for every X ∈ X , the
function IN that to each M-subobject M m−→ X associates iNX (m) =
∨{p ∈ N : p m} is an idempotent interior operator on X with
respect to M.
Next we present a list of examples in some familiar categories. Many details are omitted since they can be found either
in [3] or in [7].
Examples 3.8. Let X be the category Top with the (episink, embedding)-factorization structure.
(a) As already observed, the assignment K that to each subset (or equivalently subspace) M of a topological space X as-
sociates kX (M) =⋃{U open in X: U ⊆ M} is an idempotent interior operator. This is the classical interior operator induced
by the topology of X . We now show that this operator is hereditary. So, let X be a topological space and let N ⊆ M ⊆ X be
subspaces. From Remark 3.4(f), it is enough to show that kM(N) ∩ kX (M) ⊆ kX (N). Let x ∈ kM(N) ∩ kX (M), that is x ∈ kM(N)
and x ∈ kX (M). The latter implies that there exists an open nbhd Ux of x in X such that Ux ⊆ M . On the other hand, the
fact that x ∈ kM(N) implies that there exists an open nbhd Vx of x in M such that Vx ⊆ N . Hence, there exists an open
set Wx in X such that Vx = Wx ∩ M . Now, let us consider the open set in X , Ox = Wx ∩ Ux ⊆ M . Then, we have that
Ox = Wx ∩ Ux = Wx ∩ Ux ∩ M ⊆ N . Thus, we conclude that x ∈ kX (N). Hence K is hereditary.
(b) The assignment Q that to each subset M of a topological space X associates the subset qX (M) =⋃{C clopen in X :
C ⊆ M} is an idempotent interior operator. We strongly suspect that Q is neither hereditary nor weakly hereditary but we
could not ﬁnd any counterexample to actually verify it.
(c) The assignment Θ that to each subset M of a topological space X associates θX (M) = {x ∈ M: ∃ an open nbhd Ux
of x: Ux ⊆ M} where, Ux denotes the usual Kuratowski closure of the nbhd Ux is an interior operator. That this operator
fails to be idempotent was shown in [3]. We show now that it is hereditary. So, let X be a topological space and let
N ⊆ M ⊆ X be subspaces and let x ∈ θM(N) ∩ θX (M), that is x ∈ θM(N) and x ∈ θX (M). The latter implies that there exists
an open nbhd Ux of x in X such that Ux ⊆ M . On the other hand, the fact that x ∈ θM(N) implies that there exists an
open nbhd Vx of x in M such that V x ⊆ N . Hence, there exists an open set Wx in X such that Vx = Wx ∩ M . Now, let us
consider the open set in X , Sx = Wx ∩Ux ⊆ Ux ⊆ M . Then, we have that Sx = Wx ∩Ux = Wx ∩M ∩Ux = Vx ∩Ux ⊆ N . Hence,
x ∈ Sx = Wx ∩ Ux ⊆ V x ⊆ N . Thus, x ∈ θX (N) and from Remark 3.4(f) we conclude that the operator Q is hereditary.
(d) The assignment L that to each subset M of a topological space X associates lX (M) = {x ∈ X: Cx ⊆ M}, where Cx
denotes the connected component of x in X , is an idempotent and hereditary interior operator. To show heredity, let X be a
topological space and let N ⊆ M ⊆ X be subspaces. Let x ∈ lM(N)∩ lX (M), that is x ∈ lM(N) and x ∈ lX (M). The latter implies
that the connected component Wx of x in X satisﬁes Wx ⊆ M . On the other hand, the fact that x ∈ lM(N) implies that the
connected component Cx of x in M satisﬁes Cx ⊆ N . However, we have that Wx = Cx ⊆ N . In fact, Wx is connected in M ,
otherwise there would exist two open sets A and B in M such that (A∩Wx)∪ (B ∩Wx) = Wx and (A∩Wx)∩ (B ∩Wx) = ∅.
Consequently, A = M∩ A′ and B = M∩B ′ with A′ and B ′ open in X . Hence, Wx = (A∩Wx)∪(B∩Wx) = (M∩ A′ ∩Wx)∪(M∩
B ′ ∩ Wx) = (A′ ∩ Wx) ∪ (B ′ ∩ Wx) and (A′ ∩ Wx) ∩ (B ′ ∩ Wx) = (M ∩ A′ ∩ Wx) ∩ (M ∩ B ′ ∩ Wx) = (A ∩ Wx) ∩ (B ∩ Wx) = ∅.
This contradicts the fact that Wx is connected in X . Hence, we conclude that Wx ⊆ Cx . Now we show that Cx is also
connected in X . So, suppose it is not, then there exist A′ and B ′ open in X such that (A′ ∩ Cx) ∪ (B ′ ∩ Cx) = Cx and
(A′ ∩Cx)∩(B ′ ∩Cx) = ∅. Now, since Cx ⊆ M , we have that Cx = (A′ ∩M∩Cx)∪(B ′ ∩M∩Cx) and (A′ ∩M∩Cx)∩(B ′ ∩M∩Cx) =
(A′ ∩ Cx) ∩ (B ′ ∩ Cx) = ∅ that contradicts the fact that Cx is connected in M . Hence Cx is connected in X and consequently
Cx ⊆ Wx . Thus, x ∈ lX (N) and from Remark 3.4(f) we conclude that L is hereditary.
2336 G. Castellini / Topology and its Applications 158 (2011) 2332–2339(e) The assignment that to each subset M of a topological space X associates the subset bX (M) =⋃{C closed in X :
C ⊆ M} = {x ∈ M: {x} ⊆ M} is an idempotent and hereditary interior operator. To show heredity, let X be a topological
space and let N ⊆ M ⊆ X be subspaces. Let x ∈ bM(N) ∩ bX (M), that is x ∈ bM(N) and x ∈ bX (M). The latter implies that
{x}X ⊆ M (here {x}X denotes the topological closure of {x} in the topology of X ). On the other hand, the fact that x ∈ lM(N)
implies that {x}M ⊆ N (here {x}M denotes the topological closure of {x} in the topology of M). However, {x}X = {x}M ⊆ N .
In fact, let y ∈ {x}M and let U y be a nbhd of y in X . Then, U y ∩ M is a nbhd of y in M and so, x ∈ U y ∩ M ⊆ U y that yields
y ∈ {x}X . On the other hand, let y ∈ {x}X and let V y be a nbhd of y in M . Then, V y = Wy ∩ M for some nbhd Wy of y
in X . Then, x ∈ Wy ∩ M = V y since y ∈ {x}X ⊆ M and consequently y ∈ {x}M . Thus, x ∈ bX (N) and from Remark 3.4(f) we
conclude that B is hereditary.
(f) The assignment S that to each subset M of a topological space X associates sX (M) = {x ∈ M: for every sequence
xn −→ x, ∃nxn : xn ∈ M, ∀n  nxn } is a hereditary operator. We could neither prove idempotency nor ﬁnd a counterexample
to it. To show heredity, let X be a topological space and let N ⊆ M ⊆ X be subspaces. Let x ∈ sM(N) ∩ sX (M), that is
x ∈ sM(N) and x ∈ sX (M). The latter implies that for every sequence xn −→ x in X , ∃nxn : xn ∈ M , ∀n nxn . On the other hand,
the fact that x ∈ sM(N) implies that for every sequence yn −→ x in M , ∃nyn : yn ∈ N , ∀n  nyn . Now, {xn} for n  nxn is a
sequence in M that converges to {x} in M . In fact, let Ux be an open nbhd of x in M . Then, Ux = M ∩ Ox for some open
set Ox in X . Since xn −→ x in X , ∃n′xn : xn ∈ Ox , ∀n n′xn . Thus, for n n′′ =max{nxn ,n′xn }, xn ∈ Ux . Hence, x ∈ sX (N) and from
Remark 3.4(f) we conclude that S is hereditary.
Let X be the category Grp with the (episink, monomorphism)-factorization structure.
(g) For every subgroup M of a group X set i X (M) =∨{K  X: K  M}. It is easily proved that i X (M) is itself a normal
subgroup of X contained in M . Moreover, inverse images of normal subgroups are normal and so from Proposition 3.7 we
obtain an idempotent interior operator.
This operator fails to be weakly hereditary and consequently hereditary. To this purpose, for a group X , let N and M
be two subgroups such that N  M  X but N  X . The existence of such subgroups is assured by the lack of transitivity
of the notion of normality. Now, we have that iM(N) = N and the fact that N is not normal in X yields that iM(N) = N .
Consequently, weak heredity fails and so does heredity.
(h) For every subgroup M of a group X set i X (M) =∨{H  M: H  X and X/H ∈ Ab}. The ﬁrst two conditions of
interior operators are obvious. We just need to prove the third condition.
Let X
f−→ Y be a group homomorphism and let N be a subgroup of Y . We have already observed in (g) that the supre-
mum of a family of normal subgroups is normal. Moreover, if H  X satisﬁes that X/H ∈ Ab then also any subgroup
K  X such that H  K satisﬁes X/K ∈ Ab. This is a consequence of the fact that there exists a quotient homomor-
phism X/H
q−→ X/K and Ab is closed under the formation of quotients. We conclude that the family of subgroups used
to deﬁne i X (M) is closed under suprema. Moreover, it is also easy to prove that if H  N  Y satisﬁes Y /H ∈ Ab, then
f −1(H)  f −1(N) and X/ f −1(H) is isomorphic to a subgroup of Y /H ∈ Ab. Since Ab is hereditary we conclude that
X/ f −1(H) ∈ Ab. In conclusion, the family of subgroups used in the construction of i X (M) is also pullback stable and by
applying Proposition 3.7 we obtain an idempotent interior operator.
(i) The example in part (h) can be generalized as follows. For any subcategory A of Grp that is closed under the formation
of subgroups and quotients, for M  X , the formula i X (M) = ∨{H  M: H  X and X/H ∈ A} deﬁnes an idempotent
interior operator.
Let X be the category Ab with the (episink, monomorphism)-factorization structure.
(j) Since the subcategory of torsion abelian groups is closed under subgroups and quotients, from example (i) above we
conclude that the expression i X (M) =∨{K  M: X/K is torsion} deﬁnes an idempotent interior operator.
(k) We recall that an abelian group is called perfect if it agrees with the subgroup generated by its commutators.
It is easily seen that perfect groups are closed under pullbacks and suprema and from Proposition 3.7, the expression
i X (M) =∨{K  M: K is a perfect subgroup of X} is an idempotent interior operator.
We denote the collection of all interior operators on X with respect to M by IN(X , M) pre-ordered as follows: I  J if
i X (m) j X (m) for all m ∈ M (where  is the usual order on subobjects). Arbitrary suprema and inﬁma exist in IN(X , M),
they are formed pointwise in the M-subobject ﬁbers as the following proposition will show. The notation idIN(X , M)
(herIN(X , M), wherIN(X , M)) will be reserved for all idempotent (hereditary, weakly hereditary) interior operators.
Proposition 3.9. Let (Ik)k∈K ⊆ IN(X , M), with K = ∅.
(a) For every M-subobject M m−→ X, deﬁne∧K Ik as follows: i∧ Ik (m) =
∧
k∈K ik(m).
Then,
∧
K Ik belongs to IN(X , M) and is the inﬁmum of the family (Ik)k∈K .
(b) The supremum of the family (Ik)k∈K also exists in IN(X , M). If in the category X pullbacks and suprema commute, then the
supremum of the family (Ik)k∈K can be identiﬁed with the interior operator
∨
K Ik deﬁned by i
∨
Ik (m) =
∨
k∈K ik(m).
Proof. (a) Let M m−→ X be an M-subobject. Since ik(m)  m for each k ∈ K , then we also have that i∧ Ik (m) =∧
k∈K ik(m)m.
If m n, then ik(m) ik(n) for every k ∈ K . Thus i∧ Ik (m) =
∧
k∈K ik(m) ik(m) ik(n), for every k ∈ K and so i∧ Ik (m) =∧
k∈K ik(m)
∧
k∈K ik(n) = i∧ I (n).k
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f−→ Y be an X -morphism and let N n−→ Y be an M-subobject. Then, f −1(i∧ Ik (n)) = f −1(
∧
k∈K ik(n)) ∧
k∈K f −1(ik(n))
∧
k∈K ik( f −1(n)) = i∧ Ik f −1(n). Notice that here we have used the fact that each Ik satisﬁes condition (c)
of Deﬁnition 3.1 and that pullbacks and intersections commute. Thus all the conditions of Deﬁnition 3.1 are satisﬁed and so∧
K Ik ∈ IN(X , M).
To show that
∧
K Ik is the inﬁmum of the family (Ik)k∈K we notice that i∧ Ik (m) =
∧
k∈K ik(m)  ik(m) for ev-
ery k ∈ K . Hence, ∧K Ik  Ik , for every k ∈ K . Moreover, if I ∈ IN(X , M) satisﬁes i(m)  ik(m) for every k ∈ K , then
i(m)
∧
k∈K ik(m) = i∧ Ik (m). Hence, I 
∧
K Ik .
(b) The existence of the supremum in IN(X , M) of the family of interior operators (Ik)k∈K is a consequence of part (a)
and the general theory on partially ordered classes. However, for the sake of completeness we include a proof of it.
In IN(X , M) consider the subclass B = { J ∈ IN(X , M): Ik  J , for every k ∈ K }. From part (a) B has an inﬁmum I .
Now, by construction we have that Ik  I , for every k ∈ K . Moreover, if I ′ ∈ IN(X , M) satisﬁes Ik  I ′ , for every k ∈ K , then
clearly we have that I  I ′ . Hence I is the supremum of the family (Ik)k∈K .
Now, let us assume that in the category X pullbacks and suprema commute. We are going to show that ∨K Ik is an
interior operator and is the supremum of the family (Ik)k∈K .
Let M m−→ X be an M-subobject. Since ik(m)m for each k ∈ K , then we also have that i∨ Ik (m) =
∨
k∈K ik(m)m.
If m  n, then ik(m)  ik(n) for every k ∈ K . Thus ik(m)  ∨k∈K ik(n) = i∨ Ik (n) for every k ∈ K and so i∨ Ik (m) =∨
k∈K ik(m)
∨
k∈K ik(n) = i∨ Ik (n).
Now, let X
f−→ Y be an X -morphism and let N n−→ Y be an M-subobject. Then, f −1(i∨ Ik (n)) = f −1(
∨
k∈K ik(n)) ∨
k∈K f −1(ik(n))
∨
k∈K ik( f −1(n)) = i∨ Ik f −1(n). Notice that here we have used the fact that each Ik satisﬁes condition (c)
of Deﬁnition 3.1 and the assumption on the category X that pullbacks and suprema commute. Thus all the conditions of
Deﬁnition 3.1 are satisﬁed and so
∨
K Ik ∈ IN(X , M).
To show that
∨
K Ik is the supremum of the family (Ik)k∈K we notice that ik(m) 
∨
k∈K ik(m) = i∨ Ik (m) for every
k ∈ K . Hence, Ik ∨K Ik , for every k ∈ K . Moreover, if I ∈ IN(X , M) satisﬁes ik(m) i(m) for every k ∈ K , then i∨ Ik (m) =∨
k∈K ik(m) i(m). Hence,
∨
K Ik  I . 
Lemma 3.10. Let (Ik)k∈K ⊆ IN(X , M), with K = ∅. For every M-subobject M m−→ X we have:
(a) m is
∧
K Ik-open if and only if m is Ik-open for every k ∈ K ;
(b) if in X pullbacks and suprema commute then m is∨K Ik-isolated if and only if m is Ik-isolated for every k ∈ K .
Proof. (a) If each subobject m ∈ MX , X ∈ X , is I K -open for each k ∈ K , then ik(m) m for every k ∈ K and consequently,
i∧ Ik (m) =
∧
k∈K ik(m) 
∧
k∈K m  m (cf. Proposition 3.9). Hence, m is
∧
K Ik-open. Conversely, we observe that for every
k ∈ K we have that i∧ Ik (m) ik(m)m. Now, if m is
∧
K Ik-open, then i
∧
Ik (m) m and consequently, ik(m) m for every
k ∈ K . Hence, m is Ik-open for every k ∈ K .
(b) If each M-subobject M m−→ X , X ∈ X , is I K -isolated for each k ∈ K , that is ik(M)  0X for every k ∈ K , then from
Proposition 3.9(b) i∨ Ik (M) =
∨
k∈K ik(M) 
∨
k∈K 0X  0X . Hence, m is
∨
K Ik-isolated. On the other hand, if m is
∨
K Ik-
isolated, that is i∨ Ik (M)  0X , then since 0X  ik(M)  i∨ Ik (M) for every k ∈ K , we conclude that ik(M)  0X for every
k ∈ K . Hence, m is Ik-isolated. 
Remark 3.11. Let (Mk
mk−−→ X)k∈K be a family of M-subobjects and let I be an interior operator on X with respect to M.
Then, since
∧
k∈K mk mk for every k ∈ K , we have that i(
∧
k∈K mk) i(mk) for every k ∈ K . Consequently we obtain that
i(
∧
k∈K mk)
∧
k∈K i(mk). However, the converse is not true in general. As a matter of fact, for a counterexample it is enough
to consider the usual interior operator I induced by the topology in Top. If  is the real line endowed with the Euclidean
topology, then for the family of subsets {(1− 1/n,1+ 1/n)}n∈N we have that i(⋂n{(1− 1/n,1+ 1/n)}n∈N) = i({1}) = ∅ but⋂
n i({(1− 1/n,1+ 1/n)}n∈N) =
⋂
n{(1− 1/n,1+ 1/n)}n∈N = {1}.
As already observed in Remark 3.4(c)
∨
k∈K i(mk) i(
∨
k∈K mk). Also in this case the converse is generally not true. As
a counterexample, consider the family of subsets of the real line {x}x∈[0,1] . Clearly, i(⋃x∈[0,1]{x}) = i([0,1]) = (0,1), however,⋃
x∈[0,1] i({x}) = ∅.
Now we focus our attention on idempotent interior operators. We begin with the following
Remark 3.12. If I is an idempotent interior operator, then for every X ∈ X and M-subobject M m−→ X we have that i X (m) ∨{nm: i X (n)  n}. As a matter of fact, if nm and n is I-open, then from Remark 3.4(b) we have that n i X (m) and so∨{n m: i X (n)  n} i X (m). On the other hand, idempotency of I implies that i X (m) is I-open and since i X (m)m we
obtain the other inequality.
The following result will be useful. Its proof is straightforward so we omit it.
Lemma 3.13. Given two interior operators I and J , their composition I ◦ J deﬁned for every M-subobject M m−→ X by (i ◦ j)X (m) =
i X ( j X (m)) is an interior operator.
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∨
k Ik).
Proof. Let M m−→ X be an M-subobject with X ∈ X . From ik(m)  i∨ Ik (m), for every k ∈ K , one obtains (i ◦ ik)(m) =
i(ik(m))  i(i∨ Ik (m)) = (i ◦ i∨ Ik )(m), that is I ◦ Ik  I ◦ (
∨
Ik), for every k ∈ K . Consequently we have that ∨(I ◦ Ik) 
I ◦ (∨ Ik). 
Lemma 3.15. An interior operator I is idempotent if and only if I  I ◦ I .
Proof. If I is idempotent then, obviously I  I ◦ I . So, let I  I ◦ I . For every M-subobject M m−→ X , X ∈ X one always has
that i(i(m)) i(m). This together with i(m) i(i(m)) yields i(i(m))  i(m), that I is idempotent. 
Proposition 3.16. Let (Ik)k∈K ⊆ IN(X , M) with K = ∅. If each Ik is idempotent, then so is∨K Ik.
Proof. To prove this result we set I =∨K Ik and by applying Lemmas 3.14 and 3.15 we obtain I =
∨
K Ik 
∨
K (Ik ◦ Ik) ∨
k(I ◦ Ik)  I ◦ (
∨
k Ik)  I ◦ I . Hence,
∨
K Ik is idempotent. 
Deﬁnition 3.17. Given an interior operator I , its idempotent core Iˇ is deﬁned by
Iˇ =
∨{
J ∈ idIN(X , M): J  I}.
As a consequence, the following result is obtained:
Theorem 3.18. The conglomerate idIN(X , M) is coreﬂective in IN(X , M) and the coreﬂection of I ∈ IN(X , M) is its idempotent
core.
Proof. Let I ∈ IN(X , M). By deﬁnition of idempotent core we have that Iˇ  I . Thus, consider the morphism Iˇ −→ I . For any
other interior operator I ′ ∈ idIN(X , M) and morphism I ′ −→ I , there is clearly a unique morphism I ′ −→ Iˇ such that the
following diagram commutes:
Iˇ

I
I ′.
 

Now we turn our attention to hereditary interior operators.
Lemma 3.19. For a non-empty family (Ik)k∈K ⊆ IN(X , M), we have that∧K Ik is hereditary if each Ik is.
Proof. Let N n−→ X and M m−→ X be M-subobjects such that n m. Assume that each interior operator Ik is hereditary.
Proposition 3.9 proves the existence of
∧
K Ik . Then, we have that (i
∧
Ik )X (n) =
∧
k∈K (ik)X (n) =
∧
k∈K (m ◦ (ik)M(nm) ∧
(ik)X (m)) = (∧k∈K (m ◦ (ik)M(nm))) ∧ (
∧
k∈K (ik)X (m))  (m ◦
∧
k∈K (ik)M(nm)) ∧ (
∧
k∈K (ik)X (m)) = (m ◦ (i∧k∈K )M(nm)) ∧
(i∧
k∈K )X (m). 
As a consequence of the previous lemma we can give the following
Deﬁnition 3.20. Given an interior operator I , its hereditary hull I˜ is deﬁned by
I˜ =
∧{
J ∈ herIN(X , M): I  J}.
As a consequence, using a dual argument to the one used in the proof of Theorem 3.18, the following result is obtained:
Theorem 3.21. The conglomerate herIN(X , M) is reﬂective in IN(X , M) and the reﬂection of I ∈ IN(X , M) is its hereditary hull.
Finally we look at weakly hereditary interior operators.
Lemma 3.22. For a non-empty family (Ik)k∈K ⊆ IN(X , M), we have that∧K Ik is weakly hereditary if each Ik is.
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tor Ik is weakly hereditary. Proposition 3.9 proves the existence of
∧
K Ik . Then, we have that (i
∧
Ik )X (n) =
∧
k∈K (ik)X (n) ∧
k∈K (m ◦ (ik)M(nm)) m ◦
∧
k∈K (ik)M(nm) =m ◦ (i∧k∈K )M(nm). Hence,
∧
K Ik is weakly hereditary. 
As a consequence of the previous lemma we can give the following
Deﬁnition 3.23. Given an interior operator I , its weakly hereditary hull Iˆ is deﬁned by
Iˆ =
∧{
J ∈ wherIN(X , M): I  J}.
As a consequence, the following result is obtained:
Theorem3.24. The conglomerate wherIN(X , M) is reﬂective in IN(X , M) and the reﬂection of I ∈ IN(X , M) is its weakly hereditary
hull.
We observe that the composition of I-open M-subobjects need not be I-open. For instance, consider the interior opera-
tor of Example 3.8(g). If N and M are subgroups of a group X such that N  M , M  X but N  X , then we have that N is
I-open in M , M is I-open in X but N is not I-open in X . However, under idempotency of the interior operator I , we have
a necessary and suﬃcient condition for I-open M-subobjects to be closed under composition, as the following ﬁnal result
shows.
Proposition 3.25. For an idempotent interior operator I , the following are equivalent:
(a) I is weakly hereditary;
(b) the composition of I-open M-subobjects is I-open.
Proof. (a) ⇒ (b) Consider the I-open M-subobjects N t−→ M and M m−→ X . The fact that I is weakly hereditary implies that
i X (m ◦ t) m ◦ iM(t) m ◦ t , i.e., m ◦ t is I-open.
(b) ⇒ (a) Let M m−→ X be I-open and let N n−→ X be such that n m. Idempotency of I implies that iM(nm) is I-open
in M and, as a consequence of our assumption, m◦ iM(nm) is I-open in X . Since m◦ iM(nm) n, from Remark 3.4(b) we have
that m◦ iM(nm) i X (n). However, from Remark 3.4(f) we have that i X (n)m◦ iM(nm)∧ i X (m) m◦ iM(nm)∧m m◦ iM(nm).
This, together with the previous inequality, yields that i X (n) m ◦ iM(nm), that is, I is weakly hereditary. 
Based on the above results we can conclude that the notion of interior operator in an arbitrary category seems to be
fairly well behaved. This encourages further work on the subject. In particular, our main aim is to ﬁnd out whether there
is any topological notion whose generalization to an arbitrary category can be handled better by means of the notion of
interior operator rather than by the one of closure operator. However, further investigation is needed before one can reach
a ﬁnal conclusion on the fate of categorical interior operators.
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